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Abstract 

An inverse scattering problem for a quantized scalar field obeying 
a linear Klein-Gordon equation 

(□ + + V)4> = J in M X 

is considered, where y is a repulsive external potential and J an ex- 
ternal source J. We prove that the scattering operator =5^ = ^{V, J) 
associated with cf) uniquely determines V. Assuming that J is of the 
form J{t,x) = j{t)p{x), {t,x) G M x M^, we represent p (resp. j) in 
terms of j (resp. p) and 

1 Introduction 

We consider an inverse scattering problem for a quantized scalar field 
cf) interacting with an external potential V and an external source J 
(see, e.g., [3 [11]) which obeys the Klein-Gordon equation 

{n + m'^ + Vix))cf){t,x) = J{t,x) inMxM^. (ij) 
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Here □ = ^ — A, A is the Laplacian in M'^, m > and J, V are 
real functions. 4>{t,x) and its conjugate field 7r(t,x) = -^cf){t,x) are 
operator valued distributions (see, e.g., [ISj). A typical example of 
(|l.ip is the nucleon-pion interaction, that is, cf) describes the pion field 
and J the distribution function of the nucleons (see, e.g., [5]). 

Under suitable conditions, one can show that the asymptotic fields 

0out/in(i,a;) = s- lim 4>s{t,x), (1.2) 

'^out/in{t,x) =s- lirn i^s{t,x) (1.3) 

exist. Here TVs{t, x) = ^4>s{t, x) and <^s(t, x) is the solution of the free 
Klein-Gordon equation with the initial condition: cj)sis,x) = (f){s,x) 
and TVs{s,x) = 7r{s,x). Suppose that cf)m{x) = 0in(O, x) and ni^{x) = 
7rin(0, x) give the Fock representation of the canonical commutation 
relations (OCR): 

[(pin{x), 7rin(?/)] = i6{x - y), (1.4) 

[0m(a^), 0in(y)] = [T^inix), T^in{y)] = 0. (1.5) 

See Section 3 for the detail. The scattering operator 5^ = S^{V, J) is 
defined by the following relations (up to a constant factor): 

y-^ct>Ux)y = ct>ont{x), ^-Vin(x)^ = 7rout(x). (1.6) 

We prove that uniquely determines V . Suppose that J(t, x) = 
j{t)p{x). Then we show that p (resp. j) is uniquely determined by =5^ 
and j (resp. p). 

To state our results precisely, we introduce several assumptions. 
We set = L2(]R3;dx) and assume the following: 

Assumption 1.1. The potential function y : — t- M is non negative 
and satisfies V ^H'^{M?). 

Then the multiplication operator V acting in f) is infinitesimally 
small with respect to /iq = —A since V G L^(R'^). Hence the operator 

h = ho + V 

is self-adjoint with the domain D{h) = D{hQ) = H'^{M?). Since V 
is relative compact with respect to /iq, i.e., V{hQ + 1)"^ is compact, 
and V is positive, the spectrum of h is (j(/i) = (Tcss(^) = [0,oo). The 
condition V G H'^i^) allows us to construct the solution of (|l.ip by 
a Bogoliubov transformation (see Lemma 12.21 and Proposition 12. 4p . 
We set 

w = if{h), ujQ = (p{ho), 
where f{s) = Vs + m^. 
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Assumption 1.2. We assume that h has no positive eigenvalue and 

POO 

/ dR\\V {x){- A + 1)-^ F {\x\ > R)\\ <oo, (1.7) 

^0 



Fi\x\ > R) 



where 

\ if\x\>R, 
if \x\ < R. 

We make some comments on Assmnption 11.21 

• By (|1.7p . the following limits exist 

w± := s- lim e^*'^e-**^o 

t—>-±oo 

and the intertwining property hw± = w±hQ holds. By Enss and 
Weder [3], we see that the scattering map for the Schrodinger 
operator defined by 

VsR 9 ^ ^ S{V) = w^w^ 

is injective, where 

VsR = {y : ^ M I y is Kato-small in f) and satisfies (fTT]) }. 

• Since h has no positive eigenvalue, ()1.7p implies that h has purely 
absolutely continuous spectrum. In particular, we have ui'^ui± = 
w±Wj. = / on f). 

• We see that the following limits exist: 

s- lim e**'^e-^*^o. (1.8) 

For a proof of the existence, see Appendix A. 2. By |19| Theo- 
rem 1], above limits (jl.Sp are equal to w±^ respectively, i.e., the 
invariance principal holds for 93. 

Assumption 1.3. The junction J : M x — M satisfies 
(a) For each t G M, the function Jt{x) := J{t,x) satisfies Jt G 



(b) The vector valued function M 9 i 1— ?• e **'^a; ^^^Jt G h satisfies 

/oo 
dt\\uj~'^^'^ JtWt, < 00. 
-00 

We say that V £ V iiV satisfies Assumptions 11.11 and 11.21 and that 
J G i7 if J satisfies Assumption 11.31 
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Theorem 1.1. Suppose that V,V' e V and J, J' G J. Ify{V,J) = 
y{V',J'), then: 

(z) S{V) = S{V'), 

(ii) V = V', 

(Hi) dse-^^^Jt = dse--- J/. 

By the above theorem, we immediately see the following: 

Corollary 1.2. Let J £ J be given. Then the map V B V ^ '^{V, J) 
is injective. 

Proof of Theorem (i) will be proved in Theorem 14.11 Since V C 
VsR, (ii) follows from the injectivity of the map V i— )• SiV). We will 
prove (iii) in Proposition 14.51 □ 

In order to recover the external source J, we henceforth suppose 
that J £ J' is expressed by 

J{t,x)=j{t)xpix), (1.9) 

where j G L^{R) and p G H^'^/'^{R^). Let 

F{t, f) = (17in, 0out(t, /)J^in), / G 5(M'^), 

where Jlin is the Fock vacuum. From ()1.6p . we see that F{t,f) is 
uniquely determined by =5^. One can show the following: 

(1) For a given function j such that the Fourier transform j of j 
is real analytic, we represent p in terms of j and F{t,f). See 
Theorem 14.61 for the detail. 

(2) Let phe a given function and assume that j satisfies the follow- 
ing: 

For some 5 > 0, e^l*lj(*) G L^(^t)- (1-10) 

Then we express j by means of p and F{t, /). See Theorem 14.81 
for the detail. 

From the reconstruction formulas above, we observe that the scat- 
tering operator 5^{y,j x p) uniquely determines j and p: 

Theorem 1.3. Let V £ V and j x p, j' x p' £ J . Suppose that 
G L^{R) and p,p' G H'^/'^iR). Then: 

(i) Assume that that j is real analytic. Then p = p' if J^{V,j x p) = 

y{v,jxp'). 
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(ii) Assume that (fTTO]) holds. Then j = f ifS^{V,jxp) = S^{V,j'x 
P)- 



Proof. See Theorem l4.6l p is uniquely determined by j and a function 
z defined in (|4.6p . z is uniquely determined by F(t,f). Since, as 
was noted above, y determines F(t, f) uniquely, we see that p i— )• 
=^(^5J ^ p) is injective. Hence (i) holds, (ii) is proved similarly. □ 

This paper is organized as follows. Section 2 is devoted to some 
mathematical preliminaries. In Subsections 2.1 and 2.2, we review 
well-known facts. The quantized Klein-Gordon field is constructed in 
Subsection 2.3 and the wave operator in Subsection 2.4.. In Section 
3, we discuss the scattering theory and define the scattering operator 
=5^. Section 4 deals with the inverse scattering problem. In Subsection 
4.1, we show the uniqueness of V. The reconstruction formulas of p 
and j are given in Subsections 4.2 and 4.3, respectively. In Appendix, 
we prove Lemmas 12.21 and 12. 6[ 

2 Preliminary 

In general we denote the inner product and the associated norm of a 
Hilbert space C by {*,-)c and || • ||£, respectively. The inner product 
is linear in • and antilinear in *. If there is no danger of confusion, we 
omit the subscript C in (•,•)/; and || • \\c. For a linear operator T on 
C, we denote the domain of T by D{T) and, if D{T) is dense in Ti, 
the adjoint of T by T*. 

2.1 Boson Fock space 

We first recall the abstract Boson Fock space and operators therein. 
The Boson Fock space over a Hilbert space is defined by 



where (Si^f) denotes the symmetric tensor product of f) with the con- 
vention (gjgf) = C. 

The creation operator c*(/) (/ G f)) acting in T{t)) is defined by 



oo n 



r(W = ©(8)f) 



71=0 S 
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with the domain 
i?(c*(/)) = |^ = {M/(")}-o 



n=0 



< oo 



where Sn denotes the symmetrization operator on (gi^f) satisfying Sn = 
5; = Si and Sni^^'i}) = Cf)- 

The annihilation operator c(/) (/ G f)) is defined by the adjoint 
of c*(/), i.e., c(/) := c*(/)*. By definition, c*(/) (resp. c(/)) is 
hnear (resp. antihnear) in / € f). As is well known, the creation and 
annihilation operators leave the finite particle subspace 



A = U P = {*^"^}5f=o I ^ 



(n) 



0, n> m , 



m=l 



invariant. The canonical commutation relations (CCR) hold on Df. 

[c{f),c*{g)] = {f,g\, [c(/),c(5)] = [c* (f), c* (g)] = 0. (2.1) 
It follows from that 

\\c*imf = \\ff\\n^ + \\c{f)n^ (2.2) 



The Segal field operator t(/) = :^(c(/) + c* (/)) (/ G f)) is essentially 
self-adjoint on D^. We denote its closure by the same symbol. By 
(|2.ip . the following equation holds 



\c*{mf = ^iMmf+\\rmn'+ 



2||^||2) 



^ G Di. (2.3) 



Since Df is a core for c(/), c*(/) and t(/) (/ G f)), we observe from 
(1221) and (1231) that 



(2.4) 



2)(t(/)) n D(r(i/)) = D(c(/)) = D(c*(/)). 
Hence the following operator equalities hold true: 

c(/) = -^(r(/)+zr(i/)), 
c*(/) = -^(r(/)-ir(i/)). 



Let 



D:=(~]D{c{f)). 

/Gh 

Since D D D{, D is dense in r(f]). From ()2.4p . we observe that 

D=[]D{c*{f))=[]D{r{f)). 
/6f) /ed 



(2.5) 
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The Fock vacuum ft = {17(")}^^o G r(f}) is defined by = 1 and 
Qi^) = (n > 1), which satisfies 



cif)n = o, /Gf). 



(2.6) 



is a unique vector satisfying (|2.6p up to a constant factor. 
Let A be a contraction operator on f), i.e., ||^|| < 1. We define a 
contraction operator T{A) on r(f)) by 

(r(A)'f = ^ = {^'("^l^^o 

with the convention (g^^A = 1. If [/ is unitary, i.e. = U*, then 

T{U) is also unitary and satisfies T{U)* = T{U*) and 

TiU)c{f)T{Ur = ciUf), TiU)c*{f)T{Ur = c*{Uf). 

For a self-adjoint operator T on {), i.e., T = T*, {r(e**^)}fgiR is a 
strongly continuous one-parameter unitary group on T{t}). Then, by 
the Stone theorem, there exists a unique self-adjoint operator dT{T) 
such that 

r(e**^) = e**'^'^^^^ 
The number operator A'^f is defined by dT(l). 

2.2 Bogoliubov transformations 

Let Ti be the direct sum of two Hilbert spaces and H-, where 
■H+ = f) and H- is a copy of it: 



V- 



v+,v^ G f) 



We denote by P+ (resp. P_) the projection from T-L onto 7^+ (resp. 

n.y. 



v+ G (l. 















' " 















V- 













^4 

A vector t; G RanP+ = Ti-^- is identified with one in t): 
We define an involution Q on Ti by 

Q = P+ - P_ 

and a conjugation C on ^ by 

C 







V- 
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where / stands for the complex conjugation of / in f), i.e., f{x) = f{x), 
a.e. X e M^. 

A bounded operator ^ on is written as 



A 



'A, 
A. 



A, 
A. 





= + or - 


-). Then 


we 


v+ 




'A+, 




-V 


V- 




A-, 


.v+ + A. 


-V 



A 

and A*^i = (A^^i)* . We introduce field operators defined on D by 
V'(w) = c{P+v) + c*{CP-v) 



c(u+) + c*(u_), V 



V- 



£ n. 



One observes that V'(^)* = ip{Cv) on D and hence that il^{v) is clos- 
able. We denote its closure by the same symbol. Let He be the set 
of vectors satisfying Cv = v: 



-He 



V- 



f + = f _ G f) > . 



Clearly, for any v 



G He (/ £ the operator ^^{v) is essentially 



self-adjoint on Di and is equal to V^T{f). By ()2.5p . we see that 



D= f] Diij{v)). 

v&Hc 



Note that, for any v 



v + Cv 



V- 



G Ti, the vectors 



f+ + V- 
V- + v+ 



, — Cf ) 



IV+ — IV- 

iv- — ivj, 



belong to He and the following holds on D: 

1 i 

i^iy) = -i^iv + Cv) + -'4){i{v - Cv)). 

It is straightforward from ()2.ip that 

holds on D{. The following is well known (see, e.g., |13j): 
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Lemma 2.1. (1) Let U he a hounded operator on % satisfying 

CU = UC, UQU* = U*QU = Q (2.7) 
Then there exists a unitary operator ^ such that 

if and only if U is Hilbert- Schmidt. In this case, ^ leaves D 

invariant. 

(2) Let I he a linear functional from % to C. Then there exists a 
unitary operator '^i such that 

if and only if there exists a ui & Tic such that 
l{u) = i{vi,Qu), u G Tic- 
In this case, leaves D invariant and '^i = e~^^^'"^\ 

2.3 Quantized Klein Gordon equation 

Let t) = L'^{R^; dx) and /iq = -A with the domain -D(/io) = L>(-A) = 
i7^(]R^). Then we define the Schrodinger operator h by 

h = -^ + V{x) (2.8) 

with the potential F : M'^ i— )• M satisfying Assumption 11.11 h is self- 
adjoint with the domain D{h) = D^Hq). Let 

UOQ := {ho + m'^y/'^ and w := (/i + m^)^/^. 

The free field Hamiltonian iff is defined by 

Hi = dr{ioo). 

Since ujq and oo are strictly positive, loq^ and is bounded. Note 
that ujqOJ^^ and uj^uJq^ are bounded operators for any < ^ < 1. 
Indeed, since /iq < h, we observe that ||i^o/ll — ll"^^/!!- Hence u!qLO~^ 
is bounded. On the other hand, since D{h) = D{hQ), it follows from 
the closed graph theorem that \\hf\\ < C||(ft,o + l)/|| with some C > 0. 
Hence we observe that uj^ujq^ is bounded. From this fact, we see that 
uj~^ujq and uJq^uj^ can be extended to bounded operators on f). We 
denote the extended operators by the same symbols. The following 
holds. 
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Lemma 2.2. Suppose that Assumption \l . 1\ holds. Then the operators 
lOq^'^lo"^/'^ — 1, oOq "^^^W"^/^ — 1 and ^^'^{loq — lo)lOq ^^"^ are Hilbert- 



Schmidt. 

Proof. See Appendix A.l. 

For real / G H~'^/'^{R^) and g G H'^/'^{R^), we set 
4>o{f) = V' (uo) and 7ro(5') = {vo) ■ 

where 



□ 



no 



UJ, 



-1/2 
-1/2 



f/V2 



and vq 



-lUJ, 



+1/2 



-1/2. 



9/V2 



For non real / G i/-V2(K3) (j.esp. 5 G H^/'^{M.^)), Mf) (resp. 7ro(ff)) 
is defined by of (l)o{{Ref) + i(/)o(Im/) (resp. 7ro((Re(7) + i7ro(Im(jr) ). 
Note that for non real / G H-'^/'^{R^) and g G H'^/'^{R^), Mf) and 
TTo{g) are non self-adjoint and the following equations hold on D: 



Mf) 



1 

i 

72 



c*(a;o'/V) + cK^'7), 

- 4^0^^"^ 9) [ 

By (j2.ip . one can show that the CCR holds on Df. 

[Mf),M9)] = iif,9), [Mf),Mf)] = [M9),M~9)] = 0, (2.9) 

for any /, / G H~'^/'^{R^) and g,g e H^^'^{R^). It holds from I^Ml 
that 



^o(/)*||^ 



,(Re/)vI'||2 + ||</>o(Re/)f, 



||7ro(5)*f = ||vro(Reff)*f + \\MReg)\\' 



^ G A- 



Hence we observe that, for non real / G H~'^/^{R^) and g G H^/^(R^), 
(poif) and 7ro(5') are closed on the natural domain. 
We introduce the bounded operator on Ti by 



Uit) 



U++it) U+.it) 
U.+it) U..it) 



t G 



where 



u++{t) 



-1/2 



cos 



1/2 



-l(^y2a;-V2,ii,(i^)^-i/2^i/2 

+ 0.o-'/'^V2sin(t^)^l/2^-l/2^ 
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and 

i ( 1/2 -1/2 ■ /, N -1/2 1/2 
-1/2 1/2 • I. ^ 1/2 -1/2^ 



with U (t) = ?7^_+(t) and C/.) {t) = U y{t). Here, for a linear 

operator A, we define ^ by Af = Af. 

Lemma 2.3. Suppose that Assumption holds. Then there exists 
a family of unitary operators on r(f)) such that 'Wt maps D to D 
and for v G Tic 

Proof. By direct calculation, we observe that V(t) satisfies ()2.7p with 
U = U{t) . We note that 2C/_+(t) is equal to 

(wyVl/2-l)cOs(M^l/V'^' 

+ cos(ta;) • cj'^^'^ljq^'^ ■ uJq """^^(w — ujo)ujq ^^'^ 

+ (l-a;o^/V/2)cos(Ha;-V2^y' 

^-1/2^1/2 

— isin(ta;) • uj~^l'^uj]j'^ • uJq ^^"^{ujo — uj)oJq 

- i{l - UJ-^'^UJ^'^) MtUj) ■ ^1/2^-1/2, 



By Lemma [2^21 cj^^o; - 1, ujq ^^'^uj^I'^ — 1 and uj^ ^^^(wq 



, -1/2 
)Wo 

are Hilbert-Schmidt, so is \J □ 

Let 



1 /9 

gi = -— J dsujQ cos[(i - s)a;] 



and 



For / G F"i/2(-]^3) j^^^ ^ g fV2(]^3^^ jggj^g f^gy operators 
= ^(t)*0o(/)^(t) and 7r(t,<7) = ^(t)*7ro(g)'^(t), 
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where 

The following propositions are standard: 

Proposition 2.4. Suppose that Assumptions \l . 1\ and \l .3\ hold. Then 
it holds that, f G i?-V2(]R3) g ^ jji/2, 



'K{tJ) = il:{v{t)) - (^j^ dscos[{t-s)uj]JsJ^ , 



where 



u{t) 
v{t) 



-1/2, 



Q {cos{tu)) + iLOQSui{tuj)ui ^)f/\/2 
ujq'^^'^ {cos{tuj) — iL0(jSm{tuj)uj~^)f/V2 

iool^'^ {cos{tuj) + iujQ^ siii{tuj)Lo)f /^/2 
—iool^'^ {cos{tuj) — iujQ^ sm(tuj)uj) f / \^ 



Proposition 2.5. Suppose that Assumptions and \1.3\ hold. Let 

^' G D{nI''^) and f G H-^/^{R^) n H^/^{R-^). Then 0(0,/) = Mf), 
7r(0,/) = 7ro(/) and 



-(t>{t,m = 7T{tJ)^, 

^cp{t, /)^ + <A(t, (m2 - A)/)^ = ( Jt, /). 

Remark 2.1. Let I- G DiNl'"^). Then S{W^) B f ^ , (l){t, f)^) 
and ^(M'^) 3 g ^ 7r(t, (7)^) are tempered distributions and sym- 
bols (p\i,{t,x) and Wiii{t,x), defined formally as 



= (^,7r(t, /)'!') and zu^i,{t,x)f{x)dx = {^,TT{t,f)^), 



satisfy 

yD^{t,x) G H^/^{W^), w<i,{t,x) G H-^/^{M.^). 
We denote by Tq the linear hull of 

{n}U{c*{fi)---c*{fn)n I G D{coo), i = ,n, n> 1}. 

Note that Tq is dense in r(f}) and that (j){t, f) and Tr{t, f) (f G 5(M'^) ) 
leave Tq invariant. Suppose that Jt G H^^'^{M^^) holds. If ^ is a vector 
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belonging to Tq, then ip^{t) G H''^/'^{M.^), w^{t) G i^^/^ 



and 







W\ji(t) 





+ 

which gives a solution of 
. d 



cos{tio) CO sin(ia;) 
-u)sm{tuj) cos{tu) 

/g ds sm[(t — s)uj]uj~^Js 
— Jq ds cos[(t — s)uj]Js 



'dt 



ifiit) 
tu(t) 



i 
-iuj"^ 



w{t) 



+ 



(2.10) 



with the initial value 









ro(0) 




Ci7.J,(0) 



(2.11) 



We note that G Too belongs to D{N^/'^) and is an analytic vector 
of (p{t, f) and 7r{t, /), i.e., for any < t <to, 

Y,^mtJm<^, and Y,-\\^{t,fm<cx^ 

n=0 n=0 

with some to > 0. 

Remark 2.2. Suppose that Jt G H^^'^{M.^) holds. Then the pair of 
field operators (j)(t,f) and 7r(t,/) is unique in the following sense: If 
there exist a pair of field operators (j)'{t,f) = '^'{t)*(j)o{f)'^'{t) and 
n'itj) = '^'(t)*7ro(/)'^'(t) with a family of unitary operators ^'(t) 
satisfying the following conditions (1) - (4), then (j){t,f) = (j)'{t,f) and 
7r{t,f)=7r'{t,f): 

(1) ^'(0) =/. 

(2) (j)'{t,f) and Tr'(t, f) leave Tq invariant. 

(3) The vector ^' G Tq is an analytic vector of (j)'{t,f) and 7r'(t,/). 

(4) The distributional kernels ip'^{t) and tx'^(t) of 

^'^(t,/) = (*,(/<'(*, /)M/), 
tu(,(t,/) = (^,7r'(t,/)vl/) 

with ^ £ Tq satisfy the equation ()2.10p with the initial value 
(I21TT) . 
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The uniqueness can be proved as follows. Using the conditions (1), 
(4) and the uniqueness of the solution of ()2.10p . we infer 

(^{tj) = (t>'{t,f), 7r{t,g) =7r' {t,g) 

on Tq. By the conditions (2) and (3), we have 

n=0 ■ n=0 

for ^' € To and sufficiently small t > 0. Since Tq is dense, we observe 
that e*'^(*'/) = e^'^^*'f'> for real f G H^^/'^{E?). By the uniqueness of 
the generator, we have the operator equality ipit, f) = (j)'{t,f) for real 
f £ ff~^/^(]R^). Note that (j){t,f) and (j)'{t,f) are unitary equivalent 
to (poif)- By the similar argument as in the proof of the closedness 
of (j)oif), one can prove that the following operator equation holds for 
non real f G H-'^/'^{R^): 

^{t,f)=^{t,Ref)+i(P{t,lmf) 

= cl)'{t,Ref) + i^'{t,lmf) = ^'{tJ) 

7r(t, /) = 7r'{t, f) is proved similarly. 

2.4 Wave operators 

Let 



and 

One observe that 
satisfies 



Uo{t) 



e**'^o 



w{t) = '^{ty%{t) 



W{t)e^'^^'"^W{t)* = '^*e^i'^^^o{t)v)+i{jt,QUo{t)v))(^^ (2.12) 

^ ^iij{{U(tYUo{t)v)+i{Uo{t)*jt,Qv)) i^2.u) 

for V G T-Lc- By tlie Stone theorem, we have 

W{t)i^{v)W{tY = ij{U{tyUo{t)v) + i{Uo{trjt, Qv). (2.14) 
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Lemma 2.6. Suppose that Assumptions \l . 1\ and \l.S\ hold. Then: 



where 



with 



s- lim U{t)*Uo{t) = W±, 

t— >-±oo 



w± 



1/ -1/2 +1/2 , +1/2 



-1/2. 
^ 



1/ -1/2 +1/2 +1/2 -1/2. 

-{u}q W±UJq ' -UJq ' W±U}q ) 



Proof. See Appendix A. 3. 



□ 



Lemma 2.7. Suppose that Assumptions \l . 1\ HOI and [T73l hold. Then: 



lim Uo{t)*jt =j±, 

t— >±oo 



where 



J± 



9± 
9± 



and q+ = — 

V2 



dsu)~^'^e'"^'-'wlJs. 



Proof. It suffices to prove that 



lim e^*^»5i 

t— >±oo 



1 



±oo 



/ dsu^^^'^e'^'^^'wU: 



(2.15) 



By a direct calculation, we have 



e'^^gt 



V2 _ ^-1/2 . ^1/2^-1/2 



2^/2 



t 







e-*(*-")'^J,. (2.16) 



]^/2 —1/2 I 

Since Wg — ujq) ijJq is Hilbert-Schmidt bv Lemma [2?2] and since 

Jg (is||a;~^/^ Jsll < oo by (b) of Assumption 11.31 the first term of the 
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r.h.s in (|2.16p tends to zero as t goes to ±00. We show that the hmit 
of the second term in ()2.16p equals (|2.15p . It holds that 



+ e**'^o(L^o - L^-^/2)^-ig-it<^^ (2.17) 

The first term of the r.h.s in ()2.17p tends to 2loq ^^"^w^. The second 
term tends to zero since 

and since, by Lemma 12.21 (1 — loq^'^lo"^^^) is Hilbert-Schmidt. Using 
these facts and Assumption 11.31 (b) again, we infer the limit of the 
second term in ()2.16p equals ()2.15p . □ 

By Lemmas 12.61 and 12.71 we have 

Lemma 2.8. Suppose that A s sumptions \1. 11 [7Tg| and [T73l hold. Then 
it holds that, for v E Tic, 

s-lim W{t)e'^'-''^W{ty = e^(^(^±^)+*0±'O'')). (2.18) 
In particular, the following properties hold: for real f G H~^/'^ 



and g £ H^/'^{R^) 



s-lim yr(t)e*'^"(^V(t)* = e^'^±(^\ 
s-lim yr(t)e*^"(^')^(t)* = e*^*^^)^ 



where 



(t>±{f) = '4^{W±uq) + i{i±,QuQ), 
7r±(/) = i'{W±VQ) + i{j±,QvQ). 

Proof. Since e*'^^"^ iv S T-Lc) is unitary, it suffices to prove ()2.18p on 
Df, which is an easy exercise. □ 

Lemma 2.9. Suppose that Assumptions M.li [7T^ and [T73{ hold. Then 
there exists a unitary operator W± such that 

— i^ii'4'iW±v)+i{j±,Qv)) ^ ^ g 
In particular, it holds that: for f G H~^/'^(R'^) and g G H^^"^ 
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Proof. Note that = is equal to 

1 1/2 * -1/2 -1/2 * l/2^ 
2^0 ^^T^O -^0 ^«T^0 ) 

1 / * -1/2 l/2\ / -1/2. X -l/2\ 

= 2 [^T^ ^0 ) ■ [^0 - ^oPo ) 

and hence is Hilbert- Schmidt. By Lemma 12.11 it holds that there 
exists a unitary operator such that 

'^±e^'^("%±* = e'^^^^''\ V e -He- 

Setting W± = 'W±e^'^^^^\ one obtains the desired result. □ 

3 Scattering theory 

Throughout this section, we suppose that Assumptions 11.11 - 11.31 hold . 
Since any two quantum systems which are transformed from one to 
the other by a unitary transformation are physically equivalent, one 
can redefine the solution of the Klein-Gordon field as 

for / G F^i/2(M3) and g G H'^/'^{M?). Then it follows from Propo- 
sition [23] (see also Remarks 12.11 - Y2?2\) that (j){t,f) and 7v{t,g) satisfy 
(|1.1|) in the operator valued distributional sense. The field operators 
4>s{t,f) and 7Tsit,g) defined by 

satisfy the free Klein-Gordon equation with the initial condition: 

4>s{s,f) = cf){s,f), 7Vs{t,g) = 7T{s,g). 

The asymptotic fields 0tt(^' /) ''^ii'ti9) (tt stands for out or in) are 
defined as 

f— >itoo t— >itoo 

for any real / G H^^/^{R^) and g G H^/^{R^). Then, by Lemmas EJ] 
and l2.9^ the incoming fields 4>inU) — 0m(O, /) and i^mig) = '''■in(0,S') 
are 

<^in(/) = </'o(/), vrin(5) = vro(ff) (3.1) 

and 

{0in(/),7rin(/) I / G H-^'\R\ g G H^I^W^)] 
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gives the Fock representation of the CCR (see, e.g., [T]). The out 
going fields (^out(/) = 0out(O,/) and TToutC^) = 7rout(0,5') are 

(3.2) 

The scattering matrix J/' = J/' {V, J) is defined by 

^ = W*W-. 

Proposition 3.1. Suppose that Assumptions [7T71 li.i^ and \l.S\ hold. 
Then: 

y-^cl)My = 0out(/) and ^"Vi„(/)^ = 7rout(/). 
Proof. By dSjJ and ^2^, we see that 

^-Vin(/)^ = W*W+MfW*^- = V'out(/), 

where ^in/out,o stands for cfjin/outfi or □ 
Let us define the associated annihilation and creation operators by 

Cin(/) = c(/) and Cout(/) = ^*c(/)^ 

and cj(/) = cn(/)*. The free Hamiltonian of the incoming field and 
outgoing field are defined by 

i?in = dT{u}o) and i^out = ^y*dT{u;o).9'. 

The asymptotic vacua 

r^in = ^2 and f^out = 'y*^ 

satisfy 

H^n^ = and q(/)J]j = 0. 
The asymptotic fields satisfy 

0tt(t,/) = e^*^«0s(/)e-^*^«, and 7rj(t, /) = e^*^«7rj(/)e-^*^« , 

and 

c/)tt(i, /) = i= (c|(e^*-°^-'^V) + cj(e^*-%o"'^V")) , 
Tv^itJ) = -J= (cJ(e^*-"^o+^/V) -Ctt(e^*'^"^o+^/V")) 
hold on D. 
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4 Inverse scattering 

4.1 Uniqueness of the potential V 

Let 

S = w\w-. 

When we want to emphasize the dependence of V , we write S = Siy). 
We will prove the following theorem: 

Theorem 4.1. Suppose that Assumptions HOI and \1.3\ hold. If 
y{V, J) = y{V', J'), then S{V) = S{V'). 

We need the following: 

Lemma 4.2. Suppose that Assumptions \l.l[[T7E and [I7S\ hold. Then: 

hm {c*{e'''^'^m,S^c*ie'"^'^g)n) = in,J^n)if,Sg). (4.1) 

Proof of Theorem \4-l\ For notational simplicity, we write =5^(y , J') = 
y and Siy') = S'. Note that {il,yVt) / since ^ is unitary. By 
Lemma 14.21 we have 



= lim {c*{e''^^f)n,.yc*{e''^^g)n)/{n,.yn) 

t— >±oo 

□ 

In the remainder of this subsection, we will prove Lemma 14.21 Let 

We see from Lemma [2.9l that W± = '^±e^'^^^^\ By a direct calculation, 
one obtains the following: 

'^±c(/)^±* = c{{W±)++f) + c*((iy±)+_/), 
'^±c*{f)^i = c*((T^±)++/) + c((l^±)+_/), 
eiV'0±)c(j)e-#{i±) = c(/)-i(/,j±), 
g#0±)c*(/)e-V'0±) = c*(/) + i(i±,/). 

It holds from the above that 
= e ((W±)++e^*'^«/) ^±e^^(j±)fi + o(l) 
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as t — )■ ±00 in the strong topology since (W±)h is Hilbert-Schmidt 

and since lim(_j.-|-oo(5'±) e**"^"/) = by the Riemann-Lebesgue Lemma. 
Hence we have 

= (c* ((VF+)++e^*'^«/) %e^'^(^+)0,c* {{W.)++e'''^°g) '^.e^'^^^-^o) + o(l) 

+ (c ((VF_)++e^*'^0 9) '^+e^'^(-'+)0, c ((W^+)++e^*'^«/) '^.e^'^^^-^l^) + o(l) 

(4.2) 

as f — )• ±00. It is straightforward that 

{W+)\^{W.)++ 

1 / -1/2 * 1/2 +1/2 * -l/2\ / -1/2 1/2 +1/2 -1/2" 



- (^ojg ti;+a;o' + i^+^o j l^o ^-^0 +^0 ^-'^o 



{u-'/^uoio-'/^ - 1) + (^1/2^0"'^'^' - 1)1 (4-3) 



Note that 5e**'^o = e**'^oS' and that the second term in the r.h.s of (fOj) 
is Hilbert-Schmidt by Lemma [2^21 Hence, by ()4.2p . we have ()4.ip if 
the following holds true: 

((W^_)++e^*^"ff) '^+e^'''(^+)0,c ((W^+)++e**'^«/) ^-e^'^'^-'-^o) = o(l). 

(4.4) 

To prove (|4.4p . we use the relation 

n<m± = c ((w^±);+) - c*{{w±r_j), 

which is obtained from ^^e^'^^^^i = e^^^^Q^i^^). By the above and 
the fact that (VF±)1_|_ is Hilbert-Schmidt, we observe that 

c ((iy_)++e^*'^0(7) ^+e''f'^^+^n = ^+e'^^^+^c {{W.) ++e''''° g) Q + o(l). 

Since the first term of the above equals zero, the proof of the lemma 
is completed. 

4.2 Characterization of the external source J 

Our aim of this subsection is to represent the classical source J in 
terms of the functional 

F{t, f) = {Qin, </'out(t, mm), f G 5(M^). 
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We set 



Z±[f] = X[f]TtY[f], 



where 



i=0 



and Y[f] = F{0,LO^'/^f). 



Note that 
where vt is 

We see that 



Vt 



Cvt 



and Vt Tic- By a direct calculation, we have for v € Tic- 

y-^^p{v)y = ^p{QWlQW+v) + i{Qj+ - WlQW-j-,v). 

Since {Q,ip{v)Q) = and 

{QU - WlQW.j.,v) = {WIQ{W+Qj+ - W^j^),v) 

= {W+j+-W.j.,QW+v), 

one obtains 

{n,y-^ip{v)yn) = i{w+j+ - w.j.,Qw+v), v g Hc. 

It holds that 

F{t, f) = ^{n, .y-^^{vt + Cvt)yn) 

+ '-(n,,9'-^i;{i{vt-Cvt)),9'il) 

= '-{W+U - W.j.,QW+{vt + Cvt)) 

- '-{W+U - Q^j-,QW+{vt - Cvt)) 
= i{W+U-W.j.,QW+Cvt). 



Thus we infer 

X[f] 



±( 



W+U-W^j.,QW^ 



Y[f] = -J= (w+U - W^j^,QW+ 
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and 



Z+ [/] = V2 {w^U - W.j- , QW+ ^ 

Z.[f] = -V2 {w+U - W.j.,QW+ 

Lemma 4.3. Suppose that Assumptions \l . 11 HOI and [T73\ hold. Let 
Z[f,g] ■.= Z+[f]-Z4g]. 

Then 

Z[Sf, f] = -2V2i{lmig^),w.f), 
Z[Sf,-f] = 2V2iRe{goo), w.f), 

where 

goo ■■= w+g+ - w^g^ = 
Proof. By definition, we see that 

Z[wlf, ±w*_f] = V2 (w+u - W.j.,QW^ 



V2 



By direct calculation, we have 

w+u - QW-j- 

LOQ^^'^uj'^/'^Reigoo) + iujl^'^uj^^^^lm{g, 
''/'co'/'Re{goo)-icol/'io^'mm{g, 



oo ) 
'oo ) 



and 







±wlf 





which completes the proof. 

We introduce the functional Z : L^(M^) 



Z[f] 



1 



2V2 



{Z[Sf,f] + Z[Sf,-f]) 



' by 



□ 



For / G L^(R^), A > and A;,x G M'^, we denote e'^'-'^fiXx) by 
f^{x). J-Q stands for the Fourier transform: 3 / 1— >■ (J-q/) = / and 
f{k) = (27r)~'^/^ J dke~^^'^ f (x) . The generalized Fourier transform 
J^± is defined by Tqw^.. Let x ^ ^ such that < x < 1 and x{^) = 1 
if \x\ < 1 and xi^) = if |x| > 2. We introduce a function zx by 
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Lemma 4.4. Suppose that A s sumptions [ITU and [L^ hold. Then 
zx £ i) and 



lim zx = / dsT+ ( e~'"^oo~^/'^ J. 

Proof. Since, by the above lemma, we have 

Z[f] = iwlgoo,f), 

it fohows that 

d.sw*_e''^uj~^/^Js,Xk 



in I). 



(4.5) 



zx{k) = 

= (2^)-3/2 J dxe-'^-^'xi^x) X 
Hence zx converges in f) to 



dswle~''''uj~^/'^J, 



dswW"^u;-^/\L 



dsT+e-'"^uj-^/^J, 



(k). 



Let 



z := lim Zx. 



□ 



(4.6) 



Proposition 4.5. Suppose that Assumptions - and \1.3\ hold. 
Ify{V, J) = y{V', J'), then 



dse-'^'^J, 



dse-'"^Ji. 



Proof. Let z'{k) be defined as z{k) with replacing <y{V, J) by y{V', J') 
By Theorem 14.11 we have S{V) = S{V'), V = V and hence z = z' . 
By Lemma |4.4| we obtain 



dse-''''u-^/^J, 



dse-'^^LO-^/'^Ji 



by the unitarity of 



□ 



Henceforth, we suppose that J is expressed by 

J{t,x)=j{t)p{x), (4.7) 

where j £ L^{R) and p G H~^/'^(R^). In Subsection 14.31 below, assum- 
ing that j is a given function and that j is analytic, we will represent 
p in terms of z and j. In Subsection 14.41 below, we next assume that 
/3 is a given function. We will show that j is determined by z and p if 
j satisfies the following: 

For some 6 > 0, e'^l*lj(t) G L\Rt). (4.8) 
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4.3 Reconstruction of p 

Let J be a given function belonging to L^i^t)- Then we immediately 
obtain the reconstruction formula for determining p: 

Theorem 4.6. Suppose that Assumptions \l . I\ \1.S\ and \1.3\ hold. As- 
sume that J G ^(M X M'^) satisfies ( f^. 7| j and that j is a nonzero, real 
analytic given function. Ifuj{k) ^ (i)^^(O), then {T^p){k) is uniquely 
determined by 

{F+p){k) = . ^^^^ . (4.9) 

{j)mk)) 

Remark 4.1. Since j is real analytic function, (j)~"'^(0) is a discrete 
set and hence countable. Thus, {4-9^ holds for almost all k and 
we have p = Fj^{z/{j{CjQ)). If the generalized eigenfunction 'ip^{k,x) 
of —A + V exists, then the inverse of the generalized Fourier transform 
is given by 



= (2^)-'/' / dkij+{k,x)f{k), 
where we denote i|fc|<_R '^^ /rs ^''^ ^^^■^ case, we have 

p{x) = (2.)-3/2 / 

{j){uJo{k)) 

4.4 Reconstruction of j 

In this subsection we suppose that p is a nonzero, given function be- 
longing to H~^/'^{M.^). The following lemma will help us to identify 



Lemma 4.7. Suppose that j satisfies ^-8^ . Then j is real analytic. 
Furthermore, the radius of convergence of the Taylor series of j is 
larger than 6. 

Proof. By the assumption (|4.8|) . it follows that for any non negative 
integer m, 

\trjit) e L\Rt). 

Therefore, we have j € C°°(M) and 

(i)(-)(T) = ^ / i-itre-'-'jm, TGM, 
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where (j)'-"^^ is the m-th order derivative of j. 
Since 



-St 



we obtain for any r G M, 



< 



< 



< 



1 



2tt 
1 



27r 
1 



\tr\j{t)\dt 

|j(t)|e^l*l|tr|e-^l*l(it 



Thus, we have 



< 



ml 



Using StirHng's formula 

ml = ^/2^m™+i/2g-mge(m)/i2m^ Q ^ ^(^^ ^ 

we see that 

l/m 



hm sup 



<6-\ 



which completes the lemma. 

Applying Lemmas 14.41 and 14. 7| we have the following result: 



□ 



Theorem 4.8. Suppose that Assumptions \l.l\[T7^ and nT3 hold. As- 
sume that J satisfies J^. 7p and p € H~^^'^{M.^) is a nonzero, given 
function. If j satisfies ^.8\ ), then j is uniquely reconstructed by the 
following steps: 

(Step I) Fix a point ko ^ (J^+p)^^(0). Let Uq be a ko -neighborhood such 
that ^ {Jx){Uo). Then we have 



z{k) 



{T+p){ky 



k e Uo- 



(4.10) 



Therefore, we see exact values of {j)^^\TQ), m = 0, 1,2, 
where tq = oj{ko). 
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(Step II) For any r G (tq — 5, tq + 5), we have 

m=0 

(Step III) Let I be a positive integer. Suppose that we have already de- 
termined (j)(t) with r G (tq — -^^-y^jTo + ^^^y^). For any 
T £ [tq + -^^-Y^jTo + -^^^y^), we see the value of {Jt){t) by 

^-^ ml 

m.=0 

On the other hand, For any r G (tq — ^^"'2^^'^ , tq — ^^^2^^ ], we see 
the value of {Jt){t) by 

(j)w=i: '^''""''"r"^" (--^o+"/2r. 

^-^ mi 

(Step IV) From (Step III), j is reconstructed completely. Hence we can 
determine j by the inverse Fourier transform. 



A Appendix 

A.l Hilbert- Schmidt operators 

We prove Lemma l2.2i We first show that — 1. To this end, 

we use the formula 

A'^ = '^^ TdXX'^-^A + xr'A (A.l) 
on D{A) (0 < a < 1). With the aid of (fXl^ for a = 1/4, we have 

1/2 -1/2 -1 r/ 2\l/4 / 2\l/4i -1/2 
1 

= / dAA"3/^[(.2 + ^)-i^2 _ (^2 + xrw,]u-'/' 

= / dAAV4[_(^2 ^ ^)-i ^ (^2 ^ A)- Vo"'^' 

V^TT Jo 



1 /"^ 

y dXX'/\u;^ + Xr^V{iol + Xr'io~'/^ 



where the above equation holds true on some dense domain, e.g. 
D(a;Q^^). It suffices to prove that the operator (w^ + X)~^V{loq + 
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A) ^loq is Hilbert-Schmidt and satisfy 

f-OO 

/ dXX'/^Wiu^ + Xy^Vioj^o + ^y^^o h<oo, (A.2) 
Jo 

where || • II2 is the Hilbert-Schmidt norm. Since V S L'^{W^) and 
(vWTm2)-3/2-^ g L2(m3)^ ViOo^/^~^ is Hilbert-Schmidt for e > 
(see da Theorem XI. 20] for details). Since \\{uj^ + X)-'^\\ < {m^ + Xy\ 
we have 

||(.;2 + A)-VK' + A)-H'^'ll2 

< {m' + X)-'\\Vu:~"'~% . lU^^ul + A)-(^+^)/2|| • ||K^ + A)-i+(^+^)/2|| 

< (^2 ^ ;^)-3/2+./2 

Thus (1X2]) holds if < e < 1/2 and hence w^/^^g - 1 is Hilbert- 
Schmidt. 

We shall prove that — 1 is Hilbert-Schmidt. From a 

similar argument as above, we infer that it suffices to show that 

POO 

/ X^/^\\io-^/\u^ + X)~^V{u;l + Xr^\\2<oo. (A.3) 
Jo 

— 1/2 1 

Since, as will be seen later, Uq Vujq ~^ (e > 0) is Hilbert-Schmidt, 
we have 

||a;-i/2(a;2^A)-V(a;2 + A)-i||2 < C(m2 + A)-3/2W2||^-i/2y^-i-.||^ 
with some positive C. Thus ()A.4p holds true ifO < e < 1/2. 

1 /o 1 /9 

To prove that uJq {loq — uj)uJq is Hilbert-Schmidt, we use the 
formula (|A.ip for a = 1/2 and write 

u;-'^\ojo-u;)iv^'^' = -- / dXX'/W^''iu^+X)-'V{u;l+Xr'oj,'^''. 

Jo 

where the above equation hold true on some dense domain (for in- 

o /o 

stance D{loq )). It suffices to show 

/■oo 

/ dAAi/2||^-i/2(^2 ^ A)"V(a;g + xy^u^^^^h < 00. (A.4) 
Jo 

If cjo^^Vwo"^-" (e > 0) is Hilbert-Schmidt, then 

||a;o"'/'(a;2 + A)^V(^2 ^ A)-ia;o"'^'ll2 

< llc^o '^'(^' + A)-^^ril • 11^0 '^'^^0 '"12 • Wcol^'^^col + A)-l 
<K-^/V/2||.||(a;2 + A)-i||.||^-V2^y'|| 

X 11^0 ^/Vco • 11^.^/^+^(0.0' + A)-(i/2+^)/2|| • Wiu', + A)-3/4+^/2|| 
<C(m2 + A)^/2-7/^ 
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with some C > and < e < 3/2. This imphes that (|A.3p holds true 
for < e < 1/2 and we obtain the desired results. 
It remains to show the following. 

Lemma A.l. For any e > 0, Wg V^q ^ is Hilbert- Schmidt. 
Proof. Note that 

As seen above, the first term of the r.h.s. is Hilbert-Schmidt. It 

— 1/2 

suffices to show that [wq , V^] is Hilbert-Schmidt. To this end, we 
write it as 

^>oo 



-1/2 







1 r°° 

,V] = - dXX~'/'[{u'o + Xr\V]. 
71" Jo 



By direct calculation, we see that 

= ^1 + ^2, 

where 

V, = {ul + X)-HAV){u;I + X)-\ 

V2 = 2{ojI + X)-\VV) ■ V{ojI + A)-i. 

One observes that the operators {AV){ujq + X)~^ and {ujQ + X)^^{VjV) 
are integral operators with the kernels (47r|x— j/|)~"^(Ay)(x)e^''"^+'^l^~^l 
and (47r|x — y\)~^ e^'^^~^'^^^~y^ {V jV){y) , respectively. Hence we have 



{4,)-^{AV)\\l, I dx 



-2Vm2+A|x| 



1 (mV)\\], ^^^_e-2N' 



V;^?TA \^ (47r)2 7 |x|2 
and 



( 2^x^-V^T/M|2 1 /^ ll(V^)lli2 e-2N 



Thus we obtain 

11^4112 < + • \\V{ojl + Xr% 
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and 

\\V2\\2<Y1 U^o + A)-^(v,F)||2 • ||v,(a;g + xy^^ • + A)"^/'!! 

— 1/2 

with some C independent of A. Hence [uJq , ^] is Hilbert-Schmidt 
since 

|IK'/',^]||2<C / dAA-i/2((,n2 + A)-5/^ + (m2 + A)-3/4) <oo. 
Jo 

□ 



A. 2 Existence of the limits ( 11.81 ) 



Under Assumptions [TTT] and [L2l we prove the existence of 

s- Km e^*'"e-**'^». 

t— >±oo 

Since u — ujq is wq- bounded and ^(IR^) is dense in ^^(M^) = ?^ac(wo), 
it suffices to show that 

/oo 
dt II (w - wo)e-**'"o/||^ < oo (A.5) 

for any / G From (jA.ip . we see that 

a; - wo = - / (fAA~i/2[(^2 ^ ^)-i^2 _ ^^2 ^ A)-^a;g] 
71" Jo 

71" Jo 

= -/ dAAi/2[(w2^A)-i-(a;2 + A)-i] 
71" Jo 

= - / dAAi/2(^2 ^ A)-i[(a;g + A) - (w^ + + A)-i 

71" Jo 
1 /""^ 

= _i / dAAi/2(w2 ^ A)-V(a;2 ^ 

71" Jo 

Therefore, we have for any / G 5(M'^), 
||(w-wo)e-^*-«/l|(, 

/•oo 

< C / (iAAi/2 11(^2 ^ A)'V(w^ + A)-ie-^^*^o/|L 




/•oo 

< C / dXX^/\m^ + A)-i ||F(a;g + A)^^e-^*'^o/|L 
Jo 

/■oo 

<C^II^IIl^(m3) / dAAV2(,n2 + A)-^||K' + A)-^e-*-/| 
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Here, we have used the Holder inequahty in the last inequality. It 
follows from [6] that 



II + A)-^e-*-vlL.o(K3) < c\ti'"' + ^r'4"f 

for any t G M. Since 

{i + \x\r\i + \x\f{u:i + \r'4"f 

{l + \x\f{u:l + \)-^^l''f 

+ c 



Li(R3) 



< 



< ||(1 + |x|) ^||^2(IR3) 



< c 



Li(R3) 
2/, ,2 , ,5/2^ 

' "l2(R3) 



L2(R3) 



and 



|x|2(w2 ^ ^ ^^2 ^ A)- Vl^ + 8(wg + A)"=^A - + A)-2, 
we see that 



Li(R3) 

5/2 „ 
^0 f 



+ 



+ 



Thus, we obtain for any t G M, 

||(w-a;o)e~**'^V||(, < C|t|-3/2y dXX^/^{m^ + Xy 

and hence (jA.SP holds for any / E 5(M^). 

A. 3 Classical wave operator 

We prove Lemma 12.61 It holds that 



u{truo{t) 

For a, b, c, t and s G M, we set 



a isbj b itujo, ,c 



If a + 6 + c = 0, then Ii^a,b,c){s, t) is bounded and 



-'^(a,6,c)(s,*) = -^(a,6,c)(-'S> -0- 

30 



By direct calculation, we have 



and 



= 2 -^(1/2,0 -1/2) -t) + -^(-1/2,0,1/2) 

+ -^(1/2 -1,1/2) -i) + -^(-1/2,1,-1/2) -t) 

+ -^(1/2,0,-1/2) + -^(-1/2,0,1/2) 

- -^(1/2,-1,1/2) -t) - -^(-1/2,1,-1/2) -i) 



-^(-1/2,0,1/2) (^5 - -^(1/2,0,-1/2) {t, i) 

+ -^(1/2,-1,1/2) (*) - -^(-1/2,1,-1/2) (t, t) 
+ -^(-1/2,0,1/2) - -^(1/2,0,-1/2) 

- -^(1/2,-1,1/2) {-t, t) + -f(-l/2, 1,-1/2) {-t, t) 



By the similar argument as in the proof of Lemma 12.71 with the aid of 
Lemma |2.2|, one can prove the following lemma: 



Lemma A. 2. Suppose that Assumptions ll . I\ and UTR Then: 

1/2 -1/2 
'1/2 1/2 



^jirn^ -^(1/2,0,-1/2) (i, -t) = ^jirn^ ^(1/2,-1,1/2) (*> -t) = w±u)q 



lim /(„i/2,o,i/2)(i, -i) = lim -^(-1/2,1,-1/2) ^o '^^^o ' 
tiToo ^(1/2,0,-1/2) = ^iirn^ ^(1/2,-1,1/2) = 0, 
ti,Too^(-i/2'0'i/2)(*'*) = ^(-1/2,1,-1/2) = 0. 



By the above lemma, we have 



lim U++{tye 

f— s>±oo 



lim C/_+(t)*e 



_ 1 

~ 2 L' 

1 r 
— I 

2 L 



-1/2 



-1/2 



+1/2 



-1/2 



-1/2 







-1/2 



-hl/2 



-1/2 



This completes the lemma. 
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